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1 Introduction

Various problems in engineering and computational sciences can be cast as non-linear optimization programs,
and the design of efficient numerical algorithms to provably solve such problems is therefore of fundamental
importance. cite? In this paper, we are particularly interested in solving the optimization program

min,, h(u),
A(u) = b, (1)
u € C,
where h: R — R and A : R? — R™ satisfy
IVh(u) = VRW)]| < Xnllu =l [|DR(u) = Dh(w)|| < Aallu = ]|, (2)

for every u,u’ € R%. Above, Vh(u) € R? is the gradient of h and DA(u) € R™*? is the Jacobian of A.
Moreover, C' C R? is non-empty, closed, and convex. Variants of Program (1) naturally arise in a broad
range of applications in 77 Note: Please add some representative applications above alongside
some references. For the sake of brevity, we showcase here one instance of Program (1).

Ezample 1 (Burer-Monteiro factorization) Let S¥*d" he the space of d’ xd' symmetric matrices, equipped
with the standard inner product (z|y) = tr(x*y). In particular, when z € sS4 *d" is positive semi-definite, we
write that z > 0. Consider the program
min, b/ (x)
Al(z) =V
xel
xz =0,

3)
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where 1/ : ST¥¢ & R, A': $TX¢ 5 R™ p e R™, and C' C R >

Variants of Program (3) are popular in matrix completion and sensing [17], with a broad range of
applications to problems in collaborative filtering, geophysics, and imaging, among others [8,7,21]. Two
common choices for ¢’ in Program (3) are C' = {x : > 0} and ¢" = {z : tr(z) < 1} [?].

Solving Program (3) with semi-definite programming is not scalable, becoming increasingly cumbersome
as the dimension d’ grows. To overcome this computational bottleneck, the factorized technique sets & = uu "
for u € R *" and a sufficiently large r. The resulting non-convex program is then solved with respect to the
much lower-dimensional variable . If we also replace the constraint uu' € C’ with v € C for a properly
chosen convex set, the new problem in u matches Program (1) with h(u) = b/(uu") and A(u) = A'(uu').
For our examples of C’ above, we might choose C = {u : u > 0} and C = {|Jul|% < 1}, respectively. Here,
|| - |7 stands for the Frobenius norm.

The augmented Lagrangian method [15] is a powerful approach to solve Program (1), see Section 4 for a
review of the related literature as well as other approaches to solve Program (1). Indeed, for positive j, it is
easy to verify that Program (1) is equivalent to

géig myax Ls(u,y), (4)
where
w) — bl
Ls(u,y) == h(u) + (A(u) — b,y) + M, (5)

26

is the augmented Lagrangian corresponding to Program (1). The equivalent formulation in Program (4)
naturally suggests the following algorithm to solve Program (1):

Uk+41 € arglréin Lﬁ(“ﬂ?ﬂe)v (6)
ue

A(Uk+1) —-b

In fact, when the penalty parameter 3 is sufficiently small, the augmented Lagrangian has a local minimum
point near the true optimal point. However, we do not know exactly how small 8 is. Hence, the choice of 8
plays a centreral role in practices. Note: Is the last claim really true? Programs (1) and (4) seem
to be equivalent. In our nonlinear framework, updating u in the augmented Lagrangian method requires
solving the non-convex Program (6) to global optimality, which is often intractable. Note: We should
discuss fixes to this issue, if any, and explain why they are not satisfactory. The key contribution
of this paper is to provably and efficiently address this challenge.

(7)

Yk+1 = Yk T+

Contributions. In order to solve Program (1), this paper proposes to replace the (intractable) Program
(6) with the update

upy1 = Po(ur — vVLg, (ur, yr)), (8)

for carefully selected sequences {S, Vi }x. Here, Pc is the orthogonal projection onto the convex set C' which
is often easy to compute in various applications and consequently the update in (8) is inexpensive and fast.

Put differently, instead of fully solving Program (6), this paper proposes to apply one iteration of the
projected gradient algorithm for every update. We provide the convergence guarantees for this fast and
scalable new algorithm. Note: We should summarize the guarantees.
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2 Preliminaries

Note: I think the whole of this section should move down. The actual results are hidden deep
in the paper!

Notation. We use the notations (- | -) and || - || for the standard inner product and the associated norm on
R?, respectively. The adjoint of a linear operator is denoted the superscript T. Let C' C R% be nonempty,
closed, and convex. The indicator function of C' is denoted by ¢¢, and the projection onto C' is denoted by
Pe. For u € C, the tangent cone to C' at u is

Tc(u):{veRd:3t>Osuch that u+tv € C'}. (9)
The corresponding normal cone N¢(u) at u is the polar of the tangent cone, namely,
Ne(u) = {v": (v,0") <0, Vo € To(u)} . (10)
The sub-differential of a convex function f at u is defined as
Of (w) ={g: f(u') = f(u) = (g,u' —u), Vu'}. (11)
In particular, if f is differentiable at u, 0f(u) is a singleton and denoted by V f(u).
Necessary Optimality Conditions. Necessary optimality conditions for Program (1) are well studied in

the literature [18, Corollary 6.15]. Indeed, u is a (first-order) stationary point of Program (1) if there exists
y for which

~Vh(u) — DA(u) Ty € No(u) (12)
A(u) =b.
Here, DA(u) is the Jacobian of A at u. Recalling (5), we observe that (13) is equivalent to
A(u) = b,

which is in turn the necessary optimality condition for Program (4).

Gradient Mapping. In nonconvex optimization, the relation between the gradient mapping and station-
arity is well-understood [19,13,3], which we review here for completeness.

Definition 1 Given w and v > 0, define the gradient mapping

B
Gonl5y):u— = V“ : (14)

where ut = Po(u — vV Ls(u,y)).

In particular, if we remove the constraints of Program (1), the gradient mapping reduces to G (u,y) =
Vh(u). The gradient mapping is closely related to £g. The following standard result is proved in Appendix A.



Lemma 1 For fized y € R™, suppose that V,Ls(-,y) is g Lipschitz-continuous. For v € C and v €
(0,1/Ag), it holds that

2

G (uwsy)]* < S (Lolusy) = Lo(u™5y)). (15)

where

s < A+ VA (Ilyl N IIA(u)H) DA

) 16
5 5 (16)
where DA(u) is the Jacobian of A at .

In practice, the Lipschitz constant Ag is often hard to evaluate exactly and we might resort to the classic
line search technique, reviewed below and proved in Appendix B for completeness.

Lemma 2 Fiz 6 € (0,1) and 9. For v > 0, let ujy', = Po(u—~'VLs(u,y)) and define
i 1
7 = max {7’ =0" : Eg(ui,,y) < Ls(u,y) + <u;§ - u,VﬁB(u,y)> + 2—7,||uf/r, - u||2} .
Then, (15) holds and moreover we have that
0
> —. 17
=y (17)

Optimality conditions in Section 2 can also be expressed in terms of the gradient mapping. Indeed, it is
straightforward to verify that u™ is a first-order stationary point of Program (1) if

Gﬁﬁ(uv y) =0
{A(u+) =b. (18)

Sufficient Optimality Conditions. Sufficient optimality conditions for Program (1) are also well under-
stood in the litterature [15,18,16,12]. Indeed, u is a local minimizer of Program (1) if there exists y for
which

{m (Vauh(u) + X7, Vau Ai(w)) v >0, Vo € Te(u), 19)

A(u) =b.

Note: Why does above look different from sufficient cnds for Lagrangian? Suppose to be
equivalent problems.

3 Algorithm & Convergence
3.1 Algorithm

We propose the following method for solving the problem (1) where, the main idea is that we do a projected
gradient descent step on u to obtain u™ and update the penalty parameter 8% in such a way that the
feasiblity ﬁHLzﬁ — b||? reduce faster than the gradient mapping up to some noise level w:

1
28+

w
HGBNanNF4-§ (20)

1L = blJ* <

ool =
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Then update the corresponding the multiplier y as in the classical ADMM:
1
yt=y+ —(LUT —b). (21)
o

The formal algorithm is presented as follows.

1—eg

Input: o >0, ¢> 0, a € [0,1], ug € C, yo =0, €1 € ]0,1[. Given By, choose i < e Iterate
For k=0,1,. ..
1. Projected gradient: ugy1 = Pe(ur — v VFg, (Uk, Yr))-
2. Line search step
-1
d S
5=0,dp0 =2, Brt1,0 = 3| Lugs1 — bl (%\\Gﬁk,yk (ur, y)lI? + Mﬁ) .
While Bi1.6 > c/(k+ 1)@ do
dk,s-&-l =2x dk,s (22)
1 Vi dig,s41 -t
Br+1,5+1 = 5“Luk+1 - b|\2<§HGﬂk,w (wre, yi) 1 + ﬁ (23)
s+ s+1. (24)

Endwhile
3. Update Bry1 = Brt1,s-

4. Chose 041 > 28y and update yp4+1 = yi + 0k1+1 (Lug41 — b).

Remark 1 The updating rule of (8% )ren in (22) plays a role in our analysis. Intuitively, if w1 is solution then
Luj41 = b and (22) is trivially satisfied for any Bj41 > 0. Hence B41 enforces ug11 close to {u | Lu = b}

Remark 2 When oy, = oo, we get y,, = 0 and hence the step 2 disappears. If we chose o, = c(k+1) || Lug —b|
where ¢, a1 is chosen such that o > 26,1, then

([ Luk41 — bl
< —_— = _. 25
sl <l + ol + g (25)
Since } 7,y m < 400, (Jlyk|l)ken converges and hence bounded. Therefore,
bp = lirelg La, (W41, Yr) > i%f h(ug), (26)

which implies that by > —oo whenever (uy)ren or dom(f) is bounded.

3.2 Convergence

In view of Lemma ?7?, we need to estimate gradient mapping ||Ga, ~, (ux, yx)|| as well as feasibility || Lu,4+1 —
b||%.

Theorem 1 Suppose that by = infren La, (urt1,yx) > —00 and that zo =Y o, uiﬁ% < +o00, where sy,
be the smallest index such that By s, < c¢/(k+ 1)*. Then the following hold.

- Y0

> kG (e, i) 1* < AL g, (ur, 90) + 20 — bo + < G800 (uo)|*), (27)

k=1



and

Y o lILursr = bI” < (L (ur,90) + 320 — bo + G (o) 1*)- (28)
= By 8

4 Related Work

To the best of our knowledge, the proposed method is new and different from existing methods in the
literature.

As mentioned in Introduction, the connection to augmented Lagrange method is already mentioned. Our
method is significantly different from the augmented Lagrange method, we perform only step of the projected
gradient step on primal variable u instead of minimizing the augmented Lagrange fucntion. Furthermore, we
update the penalty parameter 5 adaptively to make sure that the feasibility reduces faster than the gradient
mapping.

In the case when h = 0, a modification of Chambolle-Pock’s method is investigated in [22] and precon-
ditioned ADMM |[2] where the convergence of iterate is proved under strong assumptions not full-filling in
our setting here.

ADMM is the classic method proposed for solving the problem 1 for the case where L is a linear operator
and h is zero [10]. This method is an application of the Douglas-Rachford method to the dual problem [9].
One of the main drawback of the ADMM is the appearance of the term Lu in the update rule of ug41. To
overcome this issue, some strategies were suggested. The first strategies is proposed in [20], refined in [1],
known as alternating direction proximal method of multipliers. The second strategies is to use linearized
technique [14]. We show here that our proposed method is closed related to updating rule as the linearized
alternating direction method [14]. Assume that h = 0 and L is a linear operator. Then the proposed method
can be rewritten as

s = argminco gl - w o+ (o (B —0) )

—1
B = HDken = 02 (3 1G o o )IP + i

Chose 0j4+1 > 208 and A1 = A\ + L (Lugy1 — b),

Ok+1

which is a variant version of Linearized ADMM [14].

Very recently, [4] proposes a framework with for solving the problem 1 with C' = R?. In particular, a
special case AIBUM3 (Proximal Linearized Alternating Minimization) in this work is closely related to us
where their conditions are checkable only when L is linear. Moreover, our updating of fj in [4] depending
on the smallest eigenvalue L* L. For nonlinear L, the application of their method remains a challenge.

The deflected subgradient method is investigated in [6] can be use to solve a special case of the Problem
1 for some a compact subset C in X. The basis step of the deflected subgradient method to solve: given 3, v,

u* € arg Hliél h(u) + Bo(Lu —b) — (Kv | Lu — b) (29)
ue
where o is a continuous penalty function such as || - ||, and K is bounded linear operator. In general, there is

no closed -form expression for u* since it does not split f, h, L invididually. Hence, it is hard to implement
deflected subgradient method. This is also a common drawback of the classic penalty method and its related
works [11,5].
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5 Numerical experiments

5.1 Hanging chain
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A Proof of Lemma 1

Note that (15) follows immediately from an application of [3, Lemma 3.2, Remark 3.2(i)]. It only remains to compute the
smoothness parameter of L£g(-,y), namely, Ag. To that end, note that

Lp(u,y) = h(u) + D yi(Ai(u) —b;) + =3 D (Ai(u) —bi)?, (30)
i=1 P



which implies that

Vuls(u,y) = Vhin) + 3wV Ai(w) + = S (As(u) — b))V Ai(u)

i=1 Bi=
DA A —b
= Vh(u) + DA(u) Ty + %, (31)
where DA(u) is the Jacobian of A at u. Likewise,
2 2 S Ai(u) 2 1 & T
ViLs(u,y) = V2h(u)+ > (vi+ 5 V2 A;(u) + 3 > VA (u)VA;i(u) T (32)
i=1 i=1
It follows that
[l A(u) — blls IS
IV2Ls(u,y)l| < IV2h(w)]| +m3X|IV2Ai(U)|I (IlyHl + —5 )*ts > IVA )2
i=1
Au) — b | DA(w)|2
<o v (ol + =) APEE e i), s e L)
A(u) —0b IDA(u)|?
=+ v (I + 1200220 o E (3)
B B
and, consequently,
Ag = sup | V5 La(u, y)|
A(u) —0b DA(uw)|?
ot vimna (1ot + JA=HY | IDAIE 5
B B
which completes the proof of Lemma 1.
B Proof of Lemma 2
Since u,ufyr € C, it holds that
ut —ue —Teo(ul). (35)
Also, recalling uZYL in Definition 1, we have that
u,t —u+YVLg(u,y) € —Nc(ui). (36)
Lastly, v by definition in (2) satisfies
Lg(ud,y)
1
< Lp(wy) + (uy = w VLs(w9)) + o flug —ull®
1 1
1
< Lp(u,y) — ZM —ul]> (see (35,36))
= Lp(u,y) — %ncm(u, 2, (see Definition 1) (37)

which completes the proof of Lemma 2.
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C Draft of convergence proof
For convenience, let us recall the updates of the algorithm in iteration k, namely,
g1 = Po(ur — VL, (ur, yr))
T Aug) = b
= Pc (up — e Vh(ug) —vxDA(ug) " (yk + 5 )) (see (5)) (38)
K
A(u -b
Ykt1 = Yk + &, (39)
Ok+1
Up — U
Gy = Gﬁkmc (ur,yx) = % (see (14)) (40)
k
For integers kg < k1, consider the interval
K = [ko : k1] ={ko, - ,k1}. (41)

Since 7 is determined by the line search subroutine in Lemma 2, we may now apply Lemma 1 for every iteration in this interval

to find that

< L, (uk, yr) — L, (U1, Yr) (see Lemma 1)
llA(ug) = 0lI% = | A(ug41) = 0I?

YellGill?
2

= h(uk) — h(ug41) + (A(ug) — A(ug41), yk) +

(see (5))

28k 7
for every k € K. On the other hand,
K A(ug) — b
Yk =Ykg + D, ———,  (see (39))
i=ko+1 i

which, after substituting in (42), yields that

G2 ko Aug) —b A(ug) — bl = || A(upy1) — b||2
Y lIGkll < h(ug) = h(ug) + { AGur) — ACwrsn)ne + 3 (uq) +H (ur) = blI* — | A(ug+1) — bl
2 b o 20k
Additionally, let us assume that
b=  on=pk  VKEK,
VE

with 8 > 0. For the record, the above assumptions imply that

! ! < ! ! < ! Vk € K
Bk Br-1 ~ BVE o~ BVE '

(42)

(43)

(44)

(45)

(46)
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for sufficiently large ko. By summing up the key inequality in (44) over k from ko to k1 and using (45), we find that

Z ’Yk”GkH

k=kq
Aug) — b
< h(ukg) = h(uky+1) + (Aukg) — A(uky+1): Yro) + Z Z <A(uk (uk+1)77,>
k=hkq i=kg+1 93
1A () — b2 IA(ug1) = b2 "
+k2; 5 kz; PR (see (a4)
Aui) — b
= h(ukg) — h(uky+1) + (Alukg) — A(Uky +1)s Yko) + Z Z <A(uk (uk+1)77>
k=ko i=ko+1 93
Z AR —b)2 "R AGu) — b2
285, ko1 ZPrk—1
A b||2 ki k A(u;) — b
sh(u;m)—h(uklm+<A<uk0>—A(uk1+1>,yko>+%+ 555 (At - A, 220
i=ko+1 k=1 B
A — b2
2 Gm ) AGux) — o]
Alug) — b l 1 1 5
<u+t <A Al 1), 7>+ (—— )HA(uk)—bn (see (48))
i §+1 * T k:kZOH 2Bk 2Bk
k1
1 1 A(uk)—b
= — A —b|? - <A 7>
”MZOH(% e LR 3 (At -0 2
1 1 ki
< - A —b|? — A —b||||A —b
“1%1(% 5~ ) A # 3 oo ) ~ A
1 1 k1 1
A — b2 A bl A -b 46
,M+MZ+ (WE 5 3 )n (o) =+ Hlﬁf” (kg 1) = bllllACu) = bl (see (46))
k1
<p+ 1AGug) — bl + 1Ay 41) — bll[1A(uk) — bl]  (see (46))
k %):4—1 2ﬂf k=ko+1 B\F "
<ut (—+—) | AGug) — b2 + | A1) —bP (2ab < ca® + ¢ 1?)
k ;Jrl Qﬁf k ;+1 ﬁ +

<p+ Z *HAUIC)*I’HQJF Z ﬁ\\Auk1+1)*b||2

k=ko+1 k=ko+1
GRS 2, log k1 2 Mo k1 dk
Spt D ZIAG@R) = bl + = [ Afury 41) — b Do <2 — =2logh
B B k 1K
k=ko+1 k=1
k1+1
Sutg > logklA(ur) —blI%, (47)
k=ko+1

where we assumed that

[l A(uky) — bl

48
28e, (48)

= sup h(ugg) — h(ug) + (Aury) — Alur), Yro) +
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Note that (47) bounds the gradient mapping with the feasibility gap. We next find a converse, thus bounding the feasibility gap
with the gradient mapping. To that end, let T (u) and Pr, (4) be the tangent cone of C' at u € C and orthogonal projection
onto this subspace, respectively. Likewise, let N¢(u) and Py, (v,) be the normal cone of C' at u and the corresponding orthogonal

projection. The update rule for uj in (38) immediately implies that

Gr — Vh(ug) — DA(ug) T yi, — éDA(uk)T(A(uk) —b) € No(ups1)-

By definition in (40), we have that Gj € Tc(ug41) which, together with (49), imply that

G = Preguny (~Vh) = DAG) T = - DA T (Alue) 1))
s
Bk

1 1
= P uny) (- TH0)) + Prigug ) (~DA) T2) + (5 + - ) Prgu (- DA (Alus) = ),

= Pre (upy ) (= VAR) + Prg g 1) (=DAWR) "yk) + = Pro(up, 1) (—DA(ug) T (A(ug) — b))

where the last line above uses (39). After rearranging and applying the triangle inequality above, we reach

1

1 1
1P (DA T (A) =1 < (2 + 2 ) IPreug ) (DA (AGus) = )

< IVR(ur)ll + [[1DAug) | - llye—1ll + |Gl
< )‘;1 + Mmax|Ye—11| + [|Grlls

where we set

A= max [V, fhmax = max | DA(u)]|

We next translate (51) into an upper bound on ||A(ug) — b]|.

Lemma 3 For an integer ko, let

Sk 2 | Te(ur),
keK

(49)

(50)

(51)

(52)

(53)

and, with some abuse of notation, let Sk also denote an orthonormal basis for this subspace. For p > 0, suppose that there

exists Nmin Such that

miny ||Sk Pro(u) (DA(u) )|

o< e 0l =1
min -
lA(u) —bll < p
u e C.
Suppose also that
sup || A(uk) — 0| < p,
keK
diam(C) < min
2A A
Then it holds that
261@ /
lA(uk) = bl < (A + Mmaxllyr—1ll + IGxll),  Vk€ K.

min

(54)

(55)

(56)

(57)
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Roughly speaking, (57) states that the feasibility gap is itself bounded by the gradient map. In order to apply Lemma 3,

let us assume that (55) holds. Lemma 3 is then in force and we may now substitute (57) back into (47) to find that

k1 ky+1
> Gl < 3 > logkl|A(ug) —blI* +2u  (see (47))
k=ko k=ko+1

ki+1

2
3" B2logk (M, + nmaxllve-1ll + 1G&])? + 21 (see (57))
anmm k=ko+1

ky+1

168 log k
<5 3T BTN+ mmallyeoa L 1G] 20 (see (45))
"min k=ko+1
k141
48,8 10gk
< > AP A Mmax k112 +1GkI?) + 2. ((a+b+0)? <3(a® +b° + 7))

Monin o Fo+1
To simplify the above expression, let us assume that

480 log k < Ok VE € K
k= 27 ’

Mmin

Let |K| = k1 — ko + 1 be the size of the interval K. After rearranging (58) and applying (59), we arrive at

L - 2
=2l G
5 ,grélfg'mll kll

k1

Tk 2
— |G
< 3

k=ko

u 488 log k
> (wkfi) Gkl (see (59))

k=kg min

48802 U ook aggp2 Rl _2logk  488log(ki 4+ 1)||G 2
BN T ogk Brimax 3 llyr—1l1* log . Blog(k1 + 1)||Gry 41l

A

IN

+ 2 (see (58))

— 2 2 2
7/]min k=kg+1 nmin k=ko+1 k nmin(kl—"_l)
48832 K logk | 4880t "R [lyk—i|Plogk |
= T 3 Rt e 5 lnorFREh
nmln k=ko+1 min k=ko+1
488N log(kr +1) "R 1 488n2, log(kr +1) "R lyr_1l?
< B h Qg( 1+ ) Z 4 ﬁnmax;)g( 1+ ) Z ”yk 1” _,’_2”/
nmin k=ko+1 k 77min k=ko+1 k
k
96872 log® (k1 + 1) 48577max10g(k1+1 21: loell®
B nmm nmln k=ko k+]‘
k1 2
9653 log? (k1 + 1) [l
< 00 2D (e gz >0 1) o,
"min k=ko +
or, equivalently,
) 19281og? (k1 + 1) 4y’
Gel? < === 2 (A2 4+ 02, |K|Bg) + —,
min || Ge||” < > K] (AR + Mimax| K| BK) K|
where
. 245 1og(k1 + 1)[| Gy 412 i

nfnin(kl + 1)

(58)

(59)

(60)

(61)

(62)
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1 llys|I?
Bg = — , (63)
P>

and we will later estimate both p/, Bk . In turn, the bound above on the gradient mapping controls the feasibility gap, namely,
K| min_logk||A(ux) — b|?
K|, min log k| A(ux) — bl

ki+1

< 3 loghlA(u) — bl
k=ko+1

128202 R jogk 128202, R lye_ilPlogk FAR 128210gk
< h + TTmax Z H k 1” + Z o HGICII2 (see (58))

— 2 2
Tmin  p=kg+1 Tmin p=kg+1 k k=ko+1 Tmin
248202 log? (k1 + 1) 128202 _log(k1 + 1 k1 1282 log(k1 + 1)||G 2
< B2 2g (k1 )+ 8 Wmax2 g (k1 )V\K\BK—l-é S wllGrl? + A gé L+ DGy 1 (see (59,63))
MNmin Mmin 8 k=kgo nmin(kl + 1)
2462 log?(k1 + 1 242 log?(k1 + 1 B’ 1262 log(k1 + 1)||Gry 411
< 2Re ML) (3p i1 Bre) + 2B D (K1) + -+ T (see (60))
nmin nmin T]min( 1+ )
2482 log? (k1 + 1 2482 log? (k1 + 1
< Wloe D) (vo 2 (K| B) + 2B D (o a KB 4B (see (62)
77min nmin
48532 1og?(k1 + 1
= 2 ( ) (/\Ih2 + n?nale‘BK) + B/, (64)
nmin
which in turn implies that
. 4882 log? (k1 + 1) By’
A —bIP < = (M2 4+ 92 L K|B adall 65
kzlnllélK” (uk) ” = n]znin‘K‘ ( h +nmax‘ ‘ K) + ‘K‘v ( )

if ko > 2. Let us now revisit and simplify the condition imposed in (55). To that end, we first derive a weaker but uniform
bound on the feasibility gap. For every k£ — 1 € K, it holds that

k141
JAGr) — bl < 3 logillA(ws) —bl® (ko >2)
i=ko+1
4832 log2 (k1 + 1
< % (N2 + 2| K|Bic) + 8. (see (65)) (66)

Therefore, we may replace (55) with the assumption that

4862 log? (k1 + 1)

lA(uko) — bl < ps ——————— (W + mhax | K|Bx) + B’ < p?, (67)
min
which ensures that
IAux) —bll <p, VK E [ko: k1 +1]. (68)

In order to interpret (60,65,67), we next estimate By in (63). To that end, let us first control the growth of the dual sequence
{yr }r- Recalling (39) and for every k € [ko : k1 + 1], we write that

[ A(ui) — 0]

Ok

k
lywll < llykoll +

i=ko+1

(see (39))

k
p
<llyroll + D e (sec (1568))
i=ko+1
2plogk

< lyroll +
’ B

(69)
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With the growth of the dual sequence uncovered, we evaluate Bx as

k=kq

1 1 2plogk\ 2
Tl K[, Z b+ 1 (||yk0\|+ 3 ) (see (69))

- 12, 8% log” k

2llyko 2 2 2
by <2 2b
= |K| Z kr1 gL (atbis200420

4|y, ||2 log(k1 +1) | 16p2log®(k1 +1)
|K| |K|

161log® (k1 + 1)
SR (o 1% + £7) - (70)
In order to interpret (60,65,67), it still remains to estimate p’ in (62). To that end, we first derive a lower bound on the step sizes
Yk } - To invoke (17), we in turn need to gauge how smooth the augmented Lagrangian L3, (-, yx) is. For every k € [ko : k1 + 1],
Bk
note that

)‘Bk < +\/E>\A (”yk” + ”A(uk) _b”) + ”DA(uk)“% (see (16))

Bk Bk
2plog(ky + 1 2
< Ap 4 VmAa (||yk0|| 4+ 2ploglla 1) i) 4+ Mlmax (e (52,68,69))
Bk Bk Bk

= A+ Vmdallko || + — 5 (2\F>\Aplog(k1 +1) + vVmAap +mn2a.)

2
< F(2Vm)\AP10g(k1 + 1) + VmAap + mnax), (71)
k

where the last line holds if kg is sufficiently large. We are now in position to invoke (17) by writing that

T = 2 (see (17))
ABg
0Bk ‘
. a/mAiaplog(ks + 1) 4+ 2/mAap + 2mn2,.. (see (71))
N - (see (45)) (72)

(4y/mAaplog(ki + 1) + 2v/mAap + 2mn2,. )VE

for every k € [ko : k1 + 1]. In particular, the lower bound on -y, +1 above allows us to estimate p/ by writing that

2481log(k1 + 1)||G 2
- ﬁog(21+ MGy al” (see (62))
nmin(k1+1)
248 1log(k1 + 1)||uk, +2 — u 2
_ 24B1log( i ) ka2 ky+1l] +u (see (40))
Noin (k1 + 1)'Yk1+1

248 log(ky + 1)diam(C)2
P2t DI 4 (u) € 0)
77min(k1 + 1)’7k1+1
< 24B1og(k1 + 1)diam(C)2 (4/mAaplog(ks + 1) + 2v/mAap + 2mn2 )2
< 2 9232
nming B

= pu. (73)

+2u (see (72))

Having estimated Bi and u’, we can rewrite the bound on the feasibility gap as

4862 log? (k1 + 1) Bu’
mln IIA(uk) b2 < 2 (A2 4+ 2 KBk + (see (65))
k- n2in [ K| (NI T ) ||
4832 log2 ki +1 Bu'
# (N2 + 1602 0 (lyko I + p%) log® (k1 + 1)) + 03l (see (70,73)) (74)

Mmin



A relaxation of the augmented Lagrange method

15

Moreover, we can simplify the assumption in (67). To be specific, thanks to (70,73), we can replace (67) with the assumption

48532 log? 1
|A(ugy) — bl < p, 480 log™(k1 + 1)

Mmin

5 (AR 4 1602,0x (lyko |12 + p%) log® (k1 + 1)) + B’ < p*.

(75)

The lower bound on the step sizes in (72) has two other consequences. First, we find that (59) automatically holds if ko is

sufficiently large. Second, it allows us to improve (61) by writing that

ap

|K

1"

) (see (72))

. G 2
,gg;gll kll
< minge g Vi ||Gr |2
- minge K Yk
1 1928log? (k1 +1) /10 | o ap’
< — Ay + Mmax KBk ) + —— (see (61))
minge K Yk ( N K| ¥ ) IK]
1 1928log?(k1 +1) , 9 5 5 oy, 3 au
< — Ah + 1605 ax (19K |17 + p°) log” (k1 + 1)) + (see (70,73))
mingek Vi < Nin | K| % * ? ) K|
4ymAiaplog(ks +1) + 2y/mAap + 2mn2 )V [ 19281og? (k1 + 1
< WmAaplogh 1) + 2/m max) 8 ML) (32 4 16020l I+ 92) log™ (bt + 1)) +
06 nmianl
4/mAaplog(ks + 1) + 2/mAap + 2mn2,,. [ 19281log?(k1 + 1
< Wmiapioha £ ) £ Ry maap £ 2m EOED (2 1602l ) o8l + 1) + 40 ) (70

where the last line holds if there exists ¢ > 0 for which k1 — kg + 1 > ck;.

Theorem 2 Let v be the output of the line search subroutine in our algorithm in iteration k. For integers ko < k1, consider

the interval K = [ko : k1] and suppose that

Br = o, = Bk, Vk € K.

£
\/E’

(77)

We impose the following geometric requirements on the constraints. Let Pr,,(u) and Py (u) denote the orthogonal projection

onto the tangent and normal cones at u € C, respectively. Consider a subspace Sg C R such that

Sk 2 | To(ur),
keK

(78)

and, with some abuse of notation, let Sk also denote an orthonormal basis for this subspace. For nymin, we assume that the

nonconvez Slater’s condition holds, namely, that there exists p > 0 such that

ming HSI;'—OPTCW)(DA(u)Tv)H

0< TImin ‘= H’UH =1
[Am) = bl < p
u e C.
Suppose that
. 2N min 5
HA(uko) - bH S P dlag(c) < - P Z plow(07 A7 B) 10g2 k17

=T
where piow (C, A, B) depends only on C, A, 8 and is specified in the proof, see (75). Then it holds that

X O(log5 k1)
)12 =
min [|Gg, .y, (ui, yi) |° = N vk € K,
O(log® k1)
min ||A(ug) — b|| = ———=, Vk € K,
keK Vv ki

provided that ko = 2(k1) is sufficiently large and

(79)

(80)

(81)

(82)

(83)
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Example: Max-cut Consider the factorized max-cut program, namely,

{min(UUT, H) (64)

diag(UUT) =1,
where U € R X" For every i, let u; € R” denote the ith row of U. Let us form u € R% with d = d’r by vectorizing U, namely,
u:[u?u;r,]T (85)

We can therefore cast the above program as Program (1) with

h(u) = Hij(us, ug), (86)
©,J
Azu = [flua]® - ug P T (87)
It is easy to verify that
u1T -+ 0
DA(w) = | : e R X4, (88)
0 - uj,

In particular, if we take Sg, = R% and p < 1, we have Pr(u) = Ia and thus

— ming Nmin (DA(u))
AW -1 <p

Nuill> =1 <p Vi
>1—p>0. (89)

B {minu min; [Ju; |

Above, Nmin(DA(u)) returns the smallest singular value of DA(u). Consequently, the nonconvex Slater’s condition holds for
the max-cut problem.

Example: Clustering Consider the factorized clustering problem, namely,

min(UU T, H)
UuT1=1
IUIlr <VE
U >0,

(90)

where U € R? X" and k is the number of clusters. We form u € R? as before. Note that the above program can be cast as
Program (1) with the same h as before and

A:uﬁ[ufzjuj'-~u;ir,2ju]‘]T€Rd/, (91)
and also C = \/EBQJF, where Ba C RY is the intersection of the unit f2-ball with the positive orthant. Note that

wlylulT de/ulT
DA(u) = : , (92)

T T
W 1 Uy 0 War @/ Uy

where w; ; = 2 and w; j = 1 for i # j. Let us start with the case where u € C belongs to the boundary of C, namely, ||lu|| = Vk.
We also assume that v > 0. Under these assumptions, note that

To(u) = {z € RY : (u,z) = 0}, (93)
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and, consequently,
T T

uu uu
Prowy=Ilg———==1I4— — (94)
c(u) T k
For simplicity, let us assume that p = 0, namely, u is a feasible point of Program (1). Then we find that
T uu’ T
Mmin (Pro () DA) ) = Mmin (I — ——)DA(u) *)
1
> Mmin(DA(w) = lluu” DA@) T (Weyl’s inequality)
(DA@) - Z=IpA@l (lull = ) (95)
= Nmi u)) — — u)u ul|l = — ).
77[’1’111"1 ,\/E \/E
We evaluate each term in the last line above separately. By its definition in (92), first note that
urp - Ug
Nmin (DA)) > Nmin — max [|ns || (Weyl’s inequality)
uyp - Ug
!
= Vi (U) — max s |
> V& Nin(U) — 1, (96)

where in the last line follows from the assumptions that u; >-;u;j =1 for all i and that u > 0 to see that max; ||u;|| < 1. Note
also that

uf o] -
IDAGyull < || |+ | S 4
ul, -oul, i=1
= 1Ll + maxcfug ]| - Jlull
<Vd +Vk, (97)
where the last line follows because max; ||u;|| < 1 and |ju|| = vk by assumption. Consequently, we reach
oin (P DA ) 2V (in(0) = 72 ) =2, (see (95) (99)

By continuity, we extend the results to the case where u might have zero entries. Lastly, in the case where u € int(C) (namely,
|lull < V& and u > 0), we have that To(u) = R% and it directly follows from (96) that

nmin(PTC(u)DA(u)) = Nmin(DA(w))

> Vd'nmin(U) = 1. (see (96)) (99)
Having studied all cases for u for p = 0, we conclude that
1
Thnin > Vd' (nmin(U) - ﬁ) -2, (see (79)) (100)

Roughly speaking, as long as nmin(U) 2 1/\/%, the right-hand side is greater than zero and the nonconvex Slater’s condition
holds. We assumed for simplicity that p = 0 but this is expected to hold for p sufficiently small as well by continuity.

New Slater’s condition Here we describe a variant of the Slater’s condition for Program (1).
Definition 2 (Nonconvex Slater’s condition) Let 0y,i, be the smallest angle between to subspace and define ¥ to be
infy, sin (Opin (null(A), Te (u)))
Ya,ci=4Au#0
u € 9C
infy Mmin (PTC(u)AT)
= Au#0 (101)
u € oC
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where OC is the boundary of C, and npyin returns the smallest singular value. We say that Program (1) satisfies the Slater’s
condition if 14 ¢ > 0.

As a sanity check, we have the following result.

Proposition 1 The nonconvex Slater’s condition for Program (1) implies the standard Slater’s condition when A is a linear
operator and Program (1) is feasible.

Proof Suppose that the standard Slater’s condition does not hold, namely, that
relint(null(A) N C) = null(A) Nrelint(C) = 0. (102)

Since Program (1) is feasible, there exists a feasible u, namely, Au = 0 and u € C. By (102), it must be that u € OC and that
null(A) supports C at w Why?. In particular, it follows that null(A) N T (u) # {0} or, equivalently, row(A) N N¢(u) # {0}.
That is, there exists a unit-norm vector v such that

ProwA v=0, (103)
and consequently
nmin(PTc(u)AT) =0. (104)

Because T]min(PTc(u)AT) is a continuous function of v (Why?), we conclude that 14 ¢ = 0, namely, the nonconvex Slater’s
condition also does not hold, thereby completing the proof of Proposition 1.

D Proof of Lemma 3

If A(uy) = b, then (57) holds trivially. Otherwise, for an integer ko, consider a subspace

Sk 2 |J To(w), (105)

keK

and let Sk with orthonormal columns denote a basis for this subspace, with some abuse of notation. We then assume that
ming ||SIT(PTC(M>(DA(U)TU)||
vl =1
lA(u) =0l < p
u € C.

0 < Nmin = (106)

If maxkek ||A(ur) — b|| < p, then (106) is in force and, for every k > ko, we may write that

1Pre ursn (DA T (ACur) = b))

> HPTc(uk+1)(DA(Uk+1)T(A(Uk) - b))H — H(DA(ukJrl) — DA(up)) T (A(ug) — b)H (non-expansiveness of projection)

2 Nmin|A(uk) — bl = |DA(ug41) — DA(ug)|| [|A(ur) —bll  (see (106))

> Nmin[|A(ug) = 0l = Aallugr — ugll - [|ACur) =0l (see (2))

= (Mmin — AaVkl|Grl) [[A(ur) — bl (see (40))

> T Adur) ], (107)
where the last line above uses the observation that

AaVkllGrll = Xallupr1 — ugll
< Aadiam(C)

< ’““T“ (see (56)) (108)
We can now lower bound (51) by using (107), namely,
TImin 1
2, [[A(ur) — bl < E||PTc(uk+1)(DA(uk)T(A(uk) —O)Il (see (107))

< A+ mmaxllye—1ll + IGxll. (see (51)) (109)

which completes the proof of Lemma 3.
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