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Singular Value Decomposition (SVD)

Any m % n (m > n) matrix A has a singular value decomposition (SVD)

b
A=UXV
where (in full-form SVD)
U is the m X m unitary matrix of left-singular vectors,

Vis the n X n unitary matrix of right-singular vectors,
2 is the m X n diagonal matrix of singular values.

By convention, singular values are ordered as
0,20,2...0,>0,,,=...=0,=0

with p the rank matrix 4. If p = n the matrix is full-rank.
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Singular Value Decomposition (SVD)

Reduced form SVD:

A U by vV
Full form SVD:

A U t > t %
orthogonal vectors Zeros
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Matrix properties from SVD

A single SVD decomposition of 4 provides the following information:

Rank of A (number of non-zero singular values)

range(A) = <u1 oo s ,up> and null(A) = <up+1 ,e ..,un>
* Induced 2-norm and Frobenius norm

* Absolute values of eigenvalues of 4 (if 4 = A4")

* Determinant |det(A) = HGi
=l 5
 Condition number K(A): max
Gmin

* Least squares solution, dyadic expansion, matrix approximation

e ..and more
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Solving a linear system with SVD

Solve a linear system Ax = b of m equations with n unknowns (m > n)
using singular value decomposition (full form)

d=U"b
UsViza=b SViz=U"b < Yz=d
»=VTy
0jz; =d; j<mn and o; #0 zj =djfo; j<n and o; #0
0-zj=d; j<mn and 0, =0 z; = whatever j<n and o; =0
0=d; j>n Must be satisified
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Solving a linear system with SVD: an example
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Solving a linear system with SVD: an example

Let’s solve Az = b with:

(5\ [ —11.1 o121 = dy
5) 1.56 0229 = do
b= 1|5 d=UTp = 0 23 = whatever = (
5
\5 / \ 8 / Zeros, thus b 1s 1n range(4)
—0.5
r=Vz= 0 1S a solution.
0.5

But, o3 = 0, this means that the N (A) # 0
In fact, N(A) = span(v3)

—0.5 0.408
T = 0 +a| —0.816

0.5 0.408
with o« € R
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Solving a linear system with SVD: an example
Let’s change b:

4 —10.7
(5\ ( 0.872 \
b= 1|5 d=U'b=| -0.57

\g ) \ 801 2? / Non-zero elements

b is not in the R(A)... the system is inconsisten and there is no solution,

Approximate (least square) solution

min || Az — b||?
€T
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Solving a linear system with SVD

We can solve system in the
classical sense

Ax=b

Computational Physics Ill ::

b not € R(A)

b . b— Ax
Ax

We can solve system in the
least squares sense, i.e. find

min||Ax — b||
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Least squares solution of linear systems
2

HAx—bH:HAVVTx—bH:‘ T(AVVTx—b)H:sz—dH

z=V"x
d=U"b
We want the minimum:
01 20‘2 2 ...O'p >0p+1 :O'p+2:...:O'm

|2z —d|| = (0121 —d1)2+ (0222 —d2)2+- 4 (op2p —dp)2+(dp+1)2+- : -—I—(dn)2

Minimized by:

zi=d;j/o; j<m and og; #0

z; = whatever j<mn and o; =0

This provides the least squares solution
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Matrix pseudoinverse

Theorem. A vector x minimizes norm||r| =|b— Ax|iff r L range(A), i.e.
Ar=0
l.e.
A'Ax=A'b

So, if 4 is full-rank
x=(A"A) Ab=A"D

T

Pseudoinverse (or Moore-Penrose inverse, pinv in Matlab)
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Pseudoinverse with SVD

%k
AT=VXU
If A4 is full rank
P |
o =—
Gi
If 4 is not full rank
P
o =— 1t o, #0
O
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Least squares solution via pseudoinverse

The solution is now given by

x=A"Db
If 4 is full rank

% is unique; it minimizes ||b — Ax||
If 4 is not full rank

x is not unique; we can add any vector v, e null(A)
and still have a solution x =x+ov,, +a,v, ,+...

In this case we are talking about least norm solution
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Our example revised

( 16 1l \ —0.247  —-0.133 —0.02 0.0933 0.207
2.7 121 4+ | _0.0667 —0.0333 1.47-10717 0.0333  0.0667
A= 3 8 13 0.113  0.0667 0.02 —0.0267 —0.0733
4 9 14
\ 5 10 15 ) Atb—3
[4)
5 —0.253 This is the least norm solution
b=15 &= 0.0667 2 = &+ aws
\5 ) 0.387 (General solution
( 4.4 \ Let’s check the least square solution
4.6
Axz=| 4.8 b — Az|| = 0.6325
5.0
K 5.2 } You cannot do any better than this!

Computational Physics Il :: Lecture 13 :: 28.05.2020



8
N

Linear fit: an example

1=2a+5b

~ =1 R

10
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13
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19
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© 0O ~J O Tl = W N+

—_
)

2=4a+b
3=Ta-+b

10 = 20a + b

y; = ax; +0

(1) O-()

22

20

18-

16~

[ [ r [ L [ [ [
1 2 3 4 5 6 7 8 9 10

Least squares solution provides the best fit

Minimizes

re = i‘axi +b— yl.‘z
i=1
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Polynomial fit

Fit to n — 1 degree polynomial (n < m)

p(z) = co+cx+---+cpz™ !

Rectangular Vandermonde system

— _1 n_l —_ — - - -

T L1 Co (751
—1
) — 1
1 s T3 ~ Y3
i Cn—l |
_1 Ly m?ﬁ_l_ L Ym
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Statistical interpretation

Consider a simple linear model 14

y,=ax,+b+¢, 12r

10

where x is independent variable,
y is dependent variable and €;are . 4 %

6+

- independent and identically

distributed variables (i.i.d.) i

- belong to a distribution with 2! . . . .
mean u = 0 and finite standard X
deviation o2

The least squares method is equivalent to minimizing

N el=Y[y —(ax, +b)|
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Data with errors

An exercise from one of previous years: measurements of
resistance R vs. temperature T with error bars varying the range of T

R(T)=A+ BT +CT? +... A — scattering by impurities
C — electron-electron interactions

90

80+ %
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50+
< %
40 +
30+ %
20 I §
10} :
@ ® @
0 1 1 1 1
0 0.5 1 1.5 2 2.5

T
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Data with errors

Consider a situation when with each y; there is an associated

uncertainty ;. In this case, we have to minimize

. 2{ y, —(ax, +b)}

In other words, {y, x;} have to be weighted by g;.

This is formally justified as maximize the probability of measurements

{y1, ..., vy given the normally distributed PDF
—(ax +b))

f(}’la-..,yN |Cl,b) oc €Xp _Z

l

or equivalently, the corresponding /og-llke/lhoodfunction

1« (y.—(ax, + b))’
15 e )

2 O.

l l

InL(a,bly,,....yy)=—
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Weighted least squares regression

M1
yx) =) apXe(x)

k=0

«— basis functions ——

Xo( ) Xi( )

" Xo Xo(xo) Xi(xp)
Go Oy
X

(o] (o]

data points
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Xq)(.\'|) Xl(v.\']) L.

XN-1 \ X()( Xn.t) X 1(Xnp) .
v ON-1 ON-1

« Xy ()

. Xar1(xo)

Go

Xppp(xy)
0

X1 (Xn-1)
ON-1

|

N-—1
2 Zk =0 aka(XI)
=3 | T
1=0
X (x;) Vi
‘Alij — ——41——7—1—— l)i — “‘T
oF oF)

The system is then solved in least
squares sense:

b= Aa
/‘ '\ ™\ Fit parameters

Weighted observations  Weighted design matrix
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Goodness of fit

Define the reduced quantity (“goodness of fit”)

where v is the number of degrees of freedom (number of data
points minus number of fit parameters)

y2<<l1 x:~1 22 >>1

N
2
Ay
probably you are the fit is good! the fit does not
overfitting the data reproduce well

the data
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Example

14 L l L L 3 : a = 1.0857
12f : b= —0.0107
‘ol : v=N—2
t (v | 2
I | 2 Yi — (axz + b))
5L 1
Y2 =11.2
4_
2

2 X _

M e S a— Xy—j—lf
X
GOOD FIT
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Data overfitting
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Data underfitting
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