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1 Properties of Splines

In this section, several properties of splines will be shown in a more or less rigorous way. The aim is mainly to
provide a minimum mathematical background for using the module BSPLINES for the interpolation problem
as well as the Finite Element Method to solve PDEs. More rigorous mathematical proofs can be found in
the book by de Boor [I].

1.1 Recurrence Relation

We start by defining a finite interval [a, b] subdivided into N, intervals:
a:togtlg...gt]\{z:b. (1)

The sequence t;,7 = 0,..., N, can be irregularly spaced. The j*" spline of degree p defined on this sequence
of grid points (also called knots), is denoted by A? and can be constructed using the following recurrence
relation. Starting with the constant spline

1 ifti§$<ti+1,
A (z) = . (2)
0 otherwise.

the splines of degree p > 0 for t; < x < t;41 can be constructed from

AP = wPATTN (1wl AT (3)
wh = LT (4)
tivp — t;

Thus the values of all non-zero splines up to degree p in the interval [t;,t;11] fit into the triangular array
as shown in Fig. [l Starting from the first column with A? = 1, one can compute each of the p + 1
entries in a subsequent column with Eq. (). Applying this procedure to generate splines on every intervals
[ti,tix1],2=0,..., N, — 1 would produce the sequence of N, + p splines of degree p: A’ip, ce AI])szl'

1.2 Support and positivity

The linear spline
Tr — ti

tivo — T
0 +2 0
A+ — AY

A =wfA)+(1- w1'1+1)A?+1 = i
tit1 — ¢ tito — tiy1

7

consists of 2 linear pieces on [t;,t;12], forming a C° function which breaks at t;,; and vanishes outside of
this interval. Likewise, the quadratic spline

Af = w?Azl + (1 - wz‘2+1)A11+1
= wiwA) + [wi (1 —wiy) +wi (1 —wi )AL, + (1 —wi ) (1 —wp)AL,

consists of 3 parabolic pieces on [t;, t;13] that join to form a C' function which breaks at t;41 and t;2 and
vanishes outside of this interval. In general the spline of degree p can be expressed as:

p
AT =) b AL, (5)
r=0
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Figure 1: The array of all the splines of degree up to p that are non-zero in [t;, t;11].

where b? i a sum of products of p linear functions, resulting in p + 1 polynomials of degree p, joining to
form a CP~! function which breaks at t,, ... ,ti+p+1 and vanishes outside of the support [t;,t;+p+1]. From
its construction, A? is clearly strictly positive on the interior of [t;, ti4pt1]-

Af(x) > 0, t, <x < ti+p+1. (6)

1.3 Sum of Splines

Fort; <x < tit1

SA) = A=1,

J
DA = AL A= (1 w)A) +wA) =1
J

Thus assuming that for p > 1:

)

> arten

j=i—ptl

or that the sum of the next to last column in Fig. [[is 1, we have, using the recurrence relation (3))

i

Soa = Y (WA (- wh)an)

J=i=p J=i=p
-1 -1
= 2w D (L-uphg

j=i—p+l j=i—pt1
7

= ) A=l

j=i—p+1
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1.4 Derivative of Splines

The derivative of the splines of degree p can be expressed in terms of the splines of degree p — 1 by the

—1 -1
iAP —p A7 _ AV ' )
dx tivp —ti  Tivpr1 — i1

following relation:

A straightforward consequence of this relation is that the splines of order p are CP~! continuous. The
demonstration of Eq.() is done by induction. One starts with the case p = 1:

d d
@Azl = i [w; A? + (1 = wi )AL
dw' . d(1—wl)) d A dA0
— 7 AO i+1 AO 1 7 1— 1 i+1
de: ) + dﬂf i+1 + wl dfl:' + ( wz+1) dx
— 1 0 _ 1 0
- i+1>

tiv1 —ti " tipe —tig
having used Eq.@) and dA?/dz = 0. One then assumes Eq.(T) true for p — 1 and demonstrates that it
remains true for p. This is done as follows:

d d _ _
A = [ul AP (-l AT (8)
dw? . d(l-wP) dAP dAPTE
— i AP 1 i+1 AP 1 P i 1— wP i+1
d.’E 7 + d(E 1+1 + wz d.’b + ( w7,+1) d.’E
— —1
_ AP B AT
tivp — b tigpr1 —tit1
AP2 APT2 AP2 AP2
+wi(p—1) ‘ - ol + (1 =wl)p-1) S e 9)
tidtp—1 —ti  Tigyp — it tivp —tiv1  Titpt1 — tiy2

having used Eq.(B) to obtain (§)), and the induction hypothesis to obtain Eq.(@)). Now, rearranging the last
two terms of Eq.(@), one easily obtains:

-1 p—1
d P A7 _ A
dr " tier — ti ti+p+1 — ti+1
1 xr — tl _92 ti+p — T —2
+(p—1 [ ( APT2 4 TF T AP
( ) Livp —ti \tigp—1—1; ' tivp — it B
_ 1 ( T —tiy1 AP72 4 Litpt1 — T A’?2>]
tivps1 —tigt \tiap —tigr 7" ligpy1 —tiga 0
-1 -1 —1 -1
_AT A ~ AP A
= +(@-1) (10)
tivp — T tigpr1 —tig1 tivp —ti  tigpr1 —tip1

—1 -1
A7 AV
p— p —
tivp —ti  tigpr1 —tip1

having again used Eq.([3]) to obtain (I0). This completes the demonstration of relation (7).

1.5 Integrals of Splines

With the proper normalization all splines of all degrees have unitary surface:

1
_p+l /Af(m)d:c _ 1 (11)
Livpr1 —
This relation holds trivially for p = 0 and p = 1. A recursive proof of the general statement (II]) starts
assuming

_r /Af_l(x)dx =1 (12)

tirp —
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to be true. Then using Eq.([) multiplied by = and integrating one obtains:

d AP*l Ap*l
/ Tt / Ade =p / el 2
dx tivp =i Liypt1 — it

Completing the fractions in the big parentheses in view of using Eq.(3) one has

/Afdx = —p/LtiAf_ldx—p/iti Af_lda:
tier -1 tier —t
_p [ et =@ g [ bl o1y
Pl R R B
i+p+1 i+1 i+p+1 i+1

where the first and the third terms on the right correspond to —p [ A?dx, Eq.(3), and can be combined with
the left side to yield

(]. + p) / Afdx = ti+p+1 — ti, (].3)

where relation (I2)) has been used for the rest on the right hand side. This concludes the proof of Eq. ().

1.6 Boundary Conditions

Applying the recurrence relation to generate all the splines on the finite domain [to, ¢y, ] yields the N, + p
splines of degree p:

AP AP

P AT AR (14)

Note that additional knots beyond both ends of [to, tx, ] have to be defined to generate all these splines.
1.6.1 Periodic splines

The extra knots are simply defined through periodicity.:

t_y tn,— — (b—a), (15)
tn, 4 = t,+(b—a), v=20,...,p. (16)

The p + 1 leftmost splines in (I4)) are thus identical to the rightmost splines:

AP, =A% . v=0,....p (17)
1.6.2 Non-periodic splines
The choice made in BSPLINES is simply:
tp=--=ty=a, b=tn, = =tn,1p- (18)

Thus in the first interval [to, 1], the first spline A”  is constructed (refer to the first entry on each of the
column of Fig. [l with ¢ = 0) as follow:

tl—.’lﬁ

AL, = (1 —w))Af = A9
t1 —to
2
A2, = (I—w?)Al, =021 o (B22)
—2 —1)8 -1 th—t_, -1 t — to 0
tlf.CC —1 tlfx p

AP = (1—wP AP = APl = A9
-p ( w—p+1) —p+1 ty—t_pi1 —p+1 <t1—t0) 0
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In the same manner, the generation of the last spline A;?Vz—l (last entry on each of the column of Fig. [
with i = N, — 1) yields:

.’t—tNm,1 0
N;—1

1 1 0 —
ANw_l - wN;C—lANT,—l - t t
Ny — UNgp—1

2
r—1tN, -1 r—1iN, -1
A?\/ -1 = wjzv —1A11V = A}v =\ A(I)\/ -1
e e e tn,+1 —tN,—1 7 tn, —tn,—1 e

p
.’I?—tNx,1 a)‘—th,1
Azzjqu = w%quIJ)vfl = A}vz—l i L — A?vxq
tN,4p—1 — N, -1 tn, —tN,—1

Since the sum of all splines is 1 and using the positivity of splines, all the non-periodic splines, except the
first (last) spline should vanish at x = a (xz = b):

A(a) =0 —p,  AJ(b) = b N, 1 (19)
The spline derivatives at the boundaries x = a and = = b can be derived using Eq.([) as follow. At x = a
(interval [to,?1]), by noting that only the spline A” ;1“ is non-zero at = a (see next to last column of Fig[l]
with ¢ = 0), it is easy to see that there are only 2 non-zero derivatives given by

-1
A p (a):—pAzip“(a) ___ P
de™ 7P th—t_p ty —to’ (20)
-1
LY. (a) :pATiPH(a) __ P
dzr —ptl tl — t,p+1 tl — t() ’
where we have used tg =¢_; = ... = t_, = a. Likewise, the 2 non-zero derivatives of spline at the other
boundary x = b are
-1
d \» pAR () p
di Nmf2( ) - — - = — )
x tN,+p—1 — N, —1 tn, —tN,—1 (21)
-1
dx” Ne—1 INy4p—1 —tN,—1  tN, —tN,—1
where we have used ty, =tn, 41 = ... =tn,4p = .

1.6.3 Spline expansion

In summary, the approximation of a function f defined in the interval [a, b] using a basis (Is this obvious?)

of splines of degree p associated with the sequence of knots ¢;,i = —p, ..., N, 4+ p can be written as
et » support of A%: [t;, ¢4 p11],
flz) =" ¢Al(@), (22)

i—p ti <z <ty = A‘f_p(.’t), ceey Af((E) > 0.

Note that the last spline in the interval [¢;,t;11], which can be written as
-1 -1
AP(2) = wl (2)AYH(z) = ... = wl(z)wl ™ (2) ... wi (2)A)(x)
vanishes at the knot x = t;. Thus at any position z, the sum involves p + 1 terms except at the knots t;

where there are only p terms.

It is sometimes more convenient to renumber the spline index j so that it starts from 0. With this new
numbering, the spline expansion becomes

Ng+p—1

f(.I) = Z CjA§($)7

=0

support of AL [t;_p,tj41],

23
ti <x <t = AJ(x),..., A}, (2) > 0. (23)
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In the periodic case, there are N, independent spline coefficients since

CN,+v = Cus v=20,...,p— 1L (24)

In the non-periodic case, the first and the last spline coefficients cg, cn, +p—1 are respectively the values of f

at the end points a and b.

The basis functions for both non-periodic and periodic cubic splines (p = 3) are shown in Fig 2l where this

new numbering is used.

Splines of degree= 3 NX= 10
T T

T T T T
N 7AN
0 12
A A i
0.8 A A /\3 /\4 5 /\6 /\7 /\8 9 /\10 A
B osl | 1 2 g
£ A
(% 0.4} / \7
0.2 %
o — o " o e o — o — o
0 1 2 3 4 5 6 7 8 9 10
Periodic Splines of degree 3, NX =10
1 T T T T T T T T
A A A A A A A Noo |
3 4 5 6 7 8 9 N

Splines

Figure 2: The basis of non-periodic and periodic cubic splines. The periodic splines A1g, A1, A12 denote
the same splines as Ag, A1, Ay respectively.

1.7 Spline Initialization with SET_SPLINE

The initialization of a spline is performed by calling the routine SET_SPLINE, passing the desired degree p and
the sequence of grid points (or knots) ¢;,7 =0,..., N,. If Gauss points on each of the intervals [t;,t;11] are
needed, a non-zero value of NGAUSS should be specified. The other input argument is the optional LOGICAL
argument PERIOD to define the periodicity of the splines. By default it is .FALSE.. The routine returns the
1d spline SP which is of type TYPE(splineld):

SUBROUTINE set_spline(p, ngauss, grid, sp, period)
INTEGER, INTENT(in) :: p, ngauss

DOUBLE PRECISION, INTENT(in) :: grid(:)
LOGICAL, OPTIONAL, INTENT(in) :: period
TYPE(splineld), INTENT(out) 11 osp

LOGICAL, OPTIONAL, INTENT(in) :: period

Besides the main characteristics of the spline (degree p of splines, number of grid intervals, dimension of
splines N, + p, etc.) the following quantities will be determined and stored in SP:
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e values and all the p derivatives of the p + 1 non-vanishing splines on each knots ¢;. These quantities
will be used to speed up computation of the spline expansion (23)).

e integrals of splines I; = [ A;(z) dx.

For a 2d spline

AT (2, y) = AT (2)A(y), (25)
on a 2d structured mesh defined by the grid points grid1(0:N1), grid2(0:N2), the same call as in the 1d
case can be used, except that the scalars p, ngauss, period become 2 element arrays and the output SP

is now of type TYPE(spline2d):

INTEGER :: p(2), ngauss(2)

LOGICAL, OPTIONAL :: period(2)

DOUBLE PRECISION, dimension(:) :: gridl, grid2
TYPE(spline2d) :: sp2d

CALL set_spline(p, ngauss, gridl, grid2, sp2d, period)

The derived type spline2d is a wrapper of 2 splineld objects which can be accessed through sp2dispi
and sp2d%sp2.

Once SET_SPLINE is called, the routine GET_DIM can be called to inquire the spline’s essential characteristics
such as dimension, number of intervals and degree, for both 1d and 2d splines:

SUBROUTINE get_dim(sp, dim, nx, nidbas)
TYPE(splineld), INTENT(in) :: sp
INTEGER, INTENT(out) :: dim
INTEGER, OPTIONAL, INTENT(out) :: nx, nidbas

Integral of function f: f(z)dx is computed from its spline sp and splines coefficients in:

DOUBLE PRECISION FUNCTION fintg(sp, c)
TYPE(splineld), INTENT(in) :: sp
DOUBLE PRECISION, INTENT(in) :: c(:)

For a 2d functions, the same function should be called with a 2d spline sp and 2d array c.

Finally DESTROY_SP (sp) should be called when a spline sp is not needed anymore to clean up memory space.

1.8 Generating Splines with DEF_BASFUN

SUBROUTINE def_basfun(xp, sp, fun, left)
DOUBLE PRECISION, INTENT(in) :: xp
TYPE(splineld), INTENT(in) :: sp
DOUBLE PRECISION, INTENT(out) :: fun(:,:)
INTEGER, OPTIONAL, INTENT(out) :: left

This routine computes, for a given point xp € [tg,tn,], the value and optionally the m derivatives of the
p + 1 splines sp which were previously defined and returns them in fun(1:p+1,1:m+1) with m < p. The
maximum number of computed derivatives m is determined by the size of the second dimension of the array
fun. The subroutine will return the optional integer 1left defined such that:
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1.9 Example 1: Values and derivatives of all splines

In this example, we first initialize a cubic spline with the knot sequence tg,...,t5 with SET_SPLINE and

x

then call DEF_BASFUN to compute its values, first and second derivatives on the mesh points xp(1:npts).

USE BSPLINES
INTEGER, PARAMETER :: nx=10, npts=100
DOUBLE PRECISION :: t(0:nx), xp(npts)
DOUBLE PRECISION, ALLOCATABLE :: fxpO(:,:), fxp1(:,:), fxp2(:,:)
DOUBLE PRECISION :: fun(4,3) ! 4 cubic splines at a given xp
! plus first and second derivatives.
INTEGER :: i, dim, left
TYPE(splineld) :: sp

! Define t(0:nx), xp(upts)

CALL set_spline(3, 0, t, sp, period=.FALSE.)

CALL get_dim(sp, dim)

ALLOCATE(£xpO(npts,0:dim-1), fxpl(npts,0:dim-1), fxp2(npts,0:dim-1)
fxp0 = 0.0

fxpl = 0.0
fxp2 = 0.0
DO i=1,npts
CALL def_basfun(xp(i), sp, fun, left=left)
fxp0(i, left:left+3) = fun(1:4, 1) ! Value
fxpl(i, left:left+3) = fun(1l:4, 2) ! 1st derivative
fxp2(i, left:left+3) = fun(1:4, 3) ! 2nd derivative

END DO
DEALLOCATE (fxp0O, fxpl, fxp2)
CALL destroy_sp(sp)

This code fragment will store dim=nx+3=13 splines and theirs first 2 derivatives in £xp0, fxpl and fxp2.
Change the period to .TRUE. to obtain periodic splines.

2 Spline Interpolation

Given the interval [a, b] discretized into {xy, k =0,..., Ny} with 29 = a and xy, = b, the problem of inter-
polating f(x),x € [a,b] with splines of degree p is to solve the following equations for the spline coefficients
Ci:
Ny+p—1
Z N (zg) = f(xr), k=0,...,Ng. (26)
i=0
The sequence of knots {, ..., ¢y, defines completely the splines A? and its choice will be described in the

following section.

2.1 Choice of knots

If Egs. ([26) are the only conditions for our interpolation problem, the number of equations should match
the number of unknowns ¢;. The number of knot intervals IV, hence has to verify

Ny=N,—p+1. (27)
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For the periodic case, taking into account the p periodic spline conditions ([24]) on ¢; and f(a) = f(b), this
condition reduces to:
N, = Ny. (28)

For odd values of the spline degree p, the knots ¢; could be placed on the interpolation sites x; while when p
is even, t; should not be on zj to avoid a badly conditioned linear system when solving Eq. (28]). This leads
to the following choice for ¢; in BSPLINES:

2.1.1 Periodic splines

The number of knots N, + 1 is equal to the number of interpolation points Ny + 1 with

i dd
=" Poce 0, N, (29)
(xic1 +2:)/2 peven

2.1.2 Non-Periodic splines
In order to satisfy the equality (Z7), first, the 2 end points are retained as knots:
to = o, In, =2nN,. (30)
For even p, the first p/2 interpolation intervals are skipped:
ti = (Titpja1 + Tigp2)/2  i=1,..., Ny — 1, (31)
while for odd p, (p — 1)/2 interpolation points are skipped:

ti :.I‘i+(p,1)/2, ’L'ZL...,N,;—L (32)

Instead of skipping grid points, an alternative would be to supplement the system of equations (28] with
conditions on derivatives of f(x) at one or both ends of [a,b]. This type of boundary conditions is not
implemented in the present version of the BSPLINES module.

2.2 The collocation matrix

The collocation matriz AL (xy) of the interpolation problem (2] is a square matrix. Each row has at most
p + 1 non-zero terms. Let us consider separately the non-periodic and the periodic cases.

2.2.1 The non-periodic case

Even spline degree From (BII), there are p/2+1 interpolation points o, ..., ;o in the first knot interval
[to,t1). Since there are at most p + 1 non-zero splines for any points in each interval (except for zy where
A;i(zo) = d; 0, the collocation matrix starts as:

Ao(zg) O
Ao(l‘l) Al(ﬂfl) Ap(l‘l) 0
0
(33)
Ao(wp2) Ai(zy/2) Ap(2p)2) 0
0 A1 (2p)241) Ap(wpjo41) Apri(wp/241) O
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The number of upper-diagonals (non including the diagonal) is obviously determined by the second row of
the matrix above, which yields p — 1. Since the knot placement is identical for both ends of the interpolation
mesh, the matrix A;(xy) is banded with half-bandwidths

kl=ku=p-—1 (34)
Odd spline degree Applying the same procedure, it is straightforward to show for p odd and from (B2)),

that zo,....x_1)/2 are located in the first knot interval [to,?;) and that the matrix has again the same
half-bandwidths as in the even p case.

The resulting interpolation problem can then be solved with the usual banded matrixz factorization followed
by a back-solve phase.

2.2.2 The periodic case

Let consider the matrix for p = 3 and N, = 10 (see lower figure of Fig. (2):

Ao(l‘o) A1(JZO) Ag(l‘o) 0

O Al(xl) Ag(l‘l) Ag(llfl) 0

: : . R - : (35)
0 e 0 A7(3’J7) AS($7) Ag(I7)

Ao(ﬂ:‘s) 0 0 ce AS(xS) A9($8)

Ao(wg) Ai(zg) 0 0 e Ag(9)

The matrix is “almost triangular” (except for the last 2 rows) and is not diagonally dominant! A more
satisfactory (and symmetric in shape) matrix is however obtained by simply renumbering the splines such
that the sequence starts with —|p/2] instead of 0. This renumbered splines are shown in Fig. Bl for the cubic
and quadratic periodic splines. With this renumbering, the matrix [35]) has a more symmetric shape and is
diagonally dominant:

A()(IE()) Al(l’o) 0 e Ag (1’0)
Ao((El) A1(£C1) AQ(IEl) 0
: . - - . (36)
0 a A7(wg) Ag(xs) Ag(ws)
A()("Eg) O O Ag(.’Eg) Ag(l’g)
In general, for arbitrary p (even and odd values), the collocation matrix A = A (x;) can be written as
A=B+ UV (37)

where B is a banded matrix with half-bandwidths kl = ku = b = |p/2| and rank N,. U and V are N, x 2b

sparse matrices:

I 0 0 DT
uU=1|o o], v=|l0 o0 |, TEA C, (38)
0 I crt o b 00

where C'; D are the b x b off-band sub-matrices and I, the identity matrix. In the cubic spline example
considered above, the off-band matrices are simply 1 x 1 matrices with C'= Ag(xg) and D = Ag(x9).

The inverse of A can be deduced from the Sherman-Morrison-Woodbury formula [2]:
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A™' = BT'-B WA+ VIBTU)TVIBT!
= B '-zw'B™!,

where
Z = BT,
H = 1+V'B™'U
wT = HWT,

The solution of the interpolation problem Ax = f can then be reduced to a factorization and a back-solve
phase:

1. Factorization

(a) Factor: B <— LgUp

(b) Solve: (LpUp)Z =U, U+—Z
(c) Compute: H=1+VTZ

(d) Factor: H = LyUg

)

(e) Solve: (LyUy)WT =vT VT« Ww7T
2. Back-solve

(a) Solve: (LgUg)y = f

(b) Compute: t = WTy

(¢) Compute: z =y — Zt

At the end of the factorization, only the (updated) matrices B, U and V7T, required in the back-solve phase,
need to be saved. Note that we avoid to store the product ZW7 because it is a big N, x N, matrix.

After the back-solve step, the solution x is shifted back (by |p/2]) and the appropriate periodicity condition
is applied to obtain the spline coefficients ¢;, j =0,..., Ny + p — 1, as defined in (23)).

2.3 PP representation

The computation of f(z) using directly the spline expansion Eq. 23] can be costly, because of the evalua-
tion of the splines A;’ (z), especially when interpolating on large number of points. Expanding f(x), using
truncated Taylor series in each interval [t,,¢,41], we obtain the following Piecewise Polynomial Function
representation (or ppform) of f(x):

p
flz) = Z ey (2 — tu)ka by S @ <tuqr, (39)
k=0
where
1 dF 1 dr
Hyp = Eﬁf(tu) =7 Z Cj%/\j(tu) = Z Cj k- (40)
J J
Note that
1 dF

ke = 17 A (t)
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Periodic Splines of degree 3 for Interpolation on [0,1], NX =10
I I I I I

1 T T T

N N N i
7 8 9/-1/\ 10

Splines

1 T T T T T T T T T T

N, A A, A N, Ag N A, Ng A9/—17
0
(]
= A
(%_ 104
0.7 0.8 0.9

Figure 3: The periodic cubic and quadratic splines used for interpolation. The spline knots are indicated by
blue full circles and the interpolation points, by dashed vertical lines

depend only on the spline specifications. They are pre-calculated in the spline setup routine SET_SPLINE and
stored in the 3d arrays spkvalO. The PP coefficients II;,, can be computed once the spline coefficients c; are
available, using (0)). Then the interpolated function values together with the p derivatives can be calculated

efficiently using the power series.

My, (z — tu)k

=

2
S~—

Il
(1=

~
Il
=

k Hku(l' - tu)k_l

=
&

I
NE

~
Il
-

k(k — 1)y, (x —t,)"2

2
=
~—

|
(]

=~
||
N

These 2 steps are performed in GRIDVAL. Note that the first step (computation of ITj,, from ¢;) can be skipped
for subsequent calls to GRIDVAL with the same function f, for example to compute f or its derivatives at

any others points x.

2.4 Example 2: Cubic spline interpolation

Given a function f with its grid values f(1:nx), the following example determines the spline coefficients
c(1:dim). Using these coefficients, the interpolated f and derivative f’ are then computed on the mesh
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points xp(1:npts). Note that the second call to GRIDVAL does not include the spline coefficients ¢ to signal
that the previously calculated PP coefficients will be reused.

USE BSPLINES

INTEGER, PARAMETER :: nx=10, npts=100

DOUBLE PRECISION :: x(0:nx), f£(0:nx), xp(npts), fpO(npts), fpl(npts)
DOUBLE PRECISION, ALLOCATABLE :: c(:)

INTEGER :: dim

TYPE(splineld) :: sp

! Define x and f
CALL set_splcoef(3, x, sp, period=.FALSE.)
CALL get_dim(sp, dim)
ALLOCATE(c(dim))
CALL get_splcoef(sp, f, c) ! compute spline coefs c(1l:dim)

! Compute interpolated f and f’ on xp(npts)

CALL gridval(sp, xp, fp0O, 0, c)
CALL gridval(sp, xp, fpl, 1)

DEALLOCATE(c)
CALL destroy_sp(sp)

The description of each of the routines called in the example above is briefly given below:
SET_SPLCOEF Determines the spline knots, sets up the splines with SET_SPLINE, assembles the collocation
matrix and performs its factorization.

GET_SPLCOEF Computes the spline coefficients ¢ from the input grid values of function f (back-solve phase),
using the factorized matrix.

GRIDVAL Compute the PP coefficients using [{0) if ¢ is provided, locates the interval containing the given
point 2 and computes interpolated function values or derivatives using the PP representation (0.

2.5 2d interpolation

Consider the spline interpolation on the plane (z,y), using a tensor product of splines defined as follow

1= 1,...,d1 =N1—|—p,
AV (x,y) = A (2)AS(y), _ (42)
J = 17"'7d2 :N2+qa

where (p, q) are the spline degrees , (N1, N2), the number of knot intervals in each direction:

t0§$<tN1, 80§y<81\[2.
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2.5.1 Spline coefficients (GET_SPLCOEF)

The 2d version of ([26]) can be written as:

Z CijAf(fﬂu)Ag(%) = f(zu,yv) p=0,...,Ngp
]

(43)
:f“y Z/ZO,...7Ng2
where (z,,y,) are the interpolation sites on the (z,y) plane. These equations can be rearranged into
Z EiuAi((E,u,) = f,ullu (44)
S i) = G (45)

Such a 2 step procedure is implemented, using the 1d version of GET_SPLCOEF in the 2d version of GET_SPLCOEF
by the following code fragment:

TYPE(spline2d) :: sp

DOUBLE PRECISION :: ctr(SIZE(c,2), SIZE(c,1))
CALL get_splcoefn(spspl, f, c)

CALL get_splcoefn(sp%sp2, TRANSPOSE(c), ctr)
¢ = TRANSPOSE(ctr)

2.5.2 PP representation (GRIDVAL)

Let us start with the spline representation, for f(x,y) with ¢, < x <t,4, and s, <y < Sp41:

ds dy
fla,y) = (Z cij A7 ($)> Af(y). (46)

j=1 \i=1

Applying successively [B9) to the 2 and y functional dependency yields the following PP representation for
fz,y):

q

fz,y) = Z (Z Wyopurer (x — tu)k> (y — Su)k/ (47)
k=0

k’=0

The 2d PP coefficient is the tensor product of 2 1d PP coeflicients:

dso d1
s = 3° (z a) e (49

I’=1 \l=1

where « and o' are respectively the derivatives [@Il) of all splines in « and y direction. All the derivatives of
f can be deduced straightforwardly from the PP representation (7).

In the present version, the 2d GRIDVAL can be called, either for (1) points on a 2d structured mesh:
XP(1:NPX), YP(1:NPY) and returns the array FP(1:NPX,1:NPY), or (2) with a 1d sequence of points
XP(1:NP), YP(1:NP) and returns the 1d array FP(1:NP).
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3 Finite Elements using Splines

3.1 The weak form
3.2 The matrix assembly

3.3 The boundary conditions
3.3.1 Dirichlet condition

Dirichlet BC can be simply applied by imposing the conditions on the spline coefficients and the boundary
point. For the BC u(x = 0) = u; = ¢ for example, the discrete equations can be expressed as:

1 0 “ Jf
U

Agy Axp - _2 = .2 (49)
un fN

A more appropriate transformed system which preserves any symmetry of the original system is:

1 0 I ; ‘A
0 Ay .- u.2 I .C 2 (50)
un N —cAni
3.3.2 Unicity on the axis
Denoting the N solutions at the axis by (u1,...,un) , and their transforms by (i1, ..., 4y) defined by
’U,l—uNZTle U1:ﬂ1+ﬁN
Uy — UN = Usg up = Up +Upn
UN—1 —UN = UN_1 UN—1 = U1—1 + UN
uy = Un uy = in,
the unicity condition can be specified by simply imposing
U =1y =...=1tn_1 =0. (52)
From (EI]), the transformation matriz U is defined as
10 0 1 00
0 1 0 0 1 0 0
u=U.q, U= , UT = (53)
00 1 0

o
o
—_
[
—_
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Matrix product A - U

A Atz s AN Zj Ay j
Az Az 2 oo AN Zj Az j
AU= - z (54)
An-11 An-12 oo An-oin-1 Do AN-1
AN AN . AnnN-1 > AN
Thus right multiply by U is equivalent to put the the sum of each row on the last column.
Matrix product UT .- A
Aqg App oo AN AN
Az Az s AN Az N
UT . A= : . (55)
An-11 An-i2 .. Avoin-1 Anoaw
YA DA o D AN D ALN
Thus left multiply by Uis equivalent to put the the sum of each column on the last row.
Product U-b
b1
ba
b=UT.b= : (56)
bn-1

Zi bi

Transformation of the original matrix equation The full original linear system, obtained from the
discretization of the 2D r, 0 polar coordinates can be written as:

(e ) (v)-(2)

where the solution array is split into the solutions u at r = 0 and the solutions v on the remaining domain.
The transformed system can thus be written as

e )
= (% () (). -

Notice that the transformation preserves any symmetry existing in the original system (&1). The transformed
matrix is finally given in the following where only the modified elements are shown and the sum is only over
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the first IV points in 6 direction. The x symbol denotes unmodified elements.
Zj Ay x
X X X > A2 X X

X X X X : X X

X X X X > AN-1; X X (59)

YiAin Y Aie o Y Ain— XAy YAl

X X X X Zj Anyij X% X

X X X X : X X

Only the N** column and the N** row are affected by the transformation. Applying now the unicity condition

[B2) the final transformed system reads:

0 0 0 : 0 0 :
0 O 1 O O 0 ﬂN_l _
00 0 Z” Ai,j ZZ Ai,N+1 Ce uN
0 0 0 Zj AN+1’j X X UN+1
0 0 0 : % %
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